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Chapter 1

Interpolation by B-spline Curve

1.1 Interpolation without end conditions

Given M +1 points q; (j = 0,1,--- , M) with associated parameter values ¢;, we want to construct
a B-spline curve of order k (or degree n) with M + 1 control points p; such that it interpolates the
given points, i.e.,

M
ZNi,k(t_j)pi =q; (j=0,1,---,M). (1.1)
i=0

As it is seen, the creation of interpolating B-spline curve is equivalent to solving a linear system
for M + 1 unknowns p;. Before we can actually solve this system, however, we need to answer the
following two questions:

e Given a set of points q;, how do we determine the associated parameters ¢;?
e How do we choose the knot sequence for B-spline curve such that we can evaluate N, j(¢;)?

These questions will be answered in the subsequent sections.

1.1.1 Choice of ¢;

Three methods are often used to determine the ¢; with respect to the given q;. Namely,

Method 1 : equally spaced parametrization, i.e.,
tj = — (j=0,1,---, M).

This method is simple however may produce unwanted shapes (e.g., loops) when the data is
unevenly spaced.

M
Method 2 : chordal parametrization. Let d = Z la; — g;-1]| and ¢y = 0. Then, we have
j=1
{j:[j_ﬁ_w (j=1,2,---, M)

d ?
This is one of the most widely used methods since it gives an approximation to the arc length
parametrization.
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M
Method 3 : centripetal parametrization. Let to = 0 and d = Z \/lla; — g;-1]]. Then,
j=1

Ej _ Zj,1 + ||q] ; q]'—1||7

(j:1727 7M)

This is a relatively new method [Lee’1989] that gives better results than the chordal parametriza-
tion when the data takes very sharp turns.

There are other parametrization methods as well [Hoschek and Lasser’1993]. With all possible
parametrization methods, we prefer to using the centripetal parametrization.

1.1.2 Choice of knot sequence

We now consider the choice of knot sequence for the interpolating B-spline curve of order k (or
degree n). Since the interpolating B-spline curve has M + 1 control points, there will be M + 1+ k
knots in the sequence. A simple choice of all ¢ is again the equally spaced parametrization:

to=t1=-=t,=0, typ1=tyr2="=tyx=1
i
bnti = =7
M+1-—n
Such simple parametrization does not take the distribution of the {¢;} into consideration and can

easily lead to a singular system of equations. A better parametrization is recommended in [Piegl
and Tiller'1997]. It derives the interior knots by averaging all ¢; as follows:

(i=1,2,--,M—n)

i+n—1
1 _
tnri = — t;, 1=12--+ M—n. 1.2
+i= Z it n (1.2)
Jj=t
The knot sequence determined above reflects the distribution of ¢; and guarantees there is at least
one t; at each knot interval. Accordingly, the system is positive and well-conditioned.

1.1.3 Solving the linear system

Having obtained ¢; and the knot sequence, we are ready to solve the linear system to determine
the control points. We write (1.1) explicitly as follows:

Nox(to) -+ Nux(to) Po dQo

Now(tar) -+ Nux(tu)) \Pum am

From the local property of B-spline base functions, it is known that the above (M + 1) x (M + 1)
matrix is banded with each row having at most k£ non-vanishing elements. With this knowledge,
we can store non-vanishing elements in a one-dimensional array with proper indices to reduce the
use of memory. Furthermore, by avoiding zero elements we can implement a fast algorithm to
solve the system.
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1.2 Interpolation with natural end conditions

It is often desired to create an interpolating B-spline curve with zero curvature at both ends (i.e.,
stress-free at the ends). Such ending constraints are often called the natural end conditions. A
simple way to impose the natural end condition is to enforce the second derivatives at both ends

(0) = 3 N/L(0)pi = 0
(1) = 30 NL()pi = 0

noting that the knot sequence is normalized to [0,1]. In addition to interpolating M + 1 data
points q;, we now have two more conditions. Therefore, we will need a B-spline curve with M + 3
control points to meet all M + 3 conditions (M + 1 data points plus r”(0) = 0 and r”(1) = 0).
Accordingly, the M + 3 linear equations are given by

are zero:

é;k(o) ]:\%k(o) Po 0

0.k(1) k(1) P1 0
Nox(to) N (o) P2 =1
No,k(fM) s NM,k(EM) Prr+2 am

Again, the above matrix is banded and better solved as a special case to improve the performance.
Since we have two more control points, we need to modify (1.2) to pick up two additional knots

as follows
+n—1

1
b == 3 &y, i=0,1,-- M —n+1.
+i+1 n j 7 n -+

j=i



Chapter 2

Approximation by B-spline Curve

2.1 Mathematics

Given a set of points q; (I = 0,1,---,L + 1) with associated parameter values ¢;, we want to
construct a B-spline curve of degree n (or order k) with M + 2 control points p;, i.e.,

M+1

r(t) = Z Nix(t)p

such that

e it interpolates the start and end points (i.e., qo and qr+1),

e it approximates the remaining L points q; in a least squares sense, i.e.,

L
Z —> Il’llIl

=1
where P denotes a collection of M + 2 control points p;.

If the multiplicity of knots at both end points is equal to k, then the first and last control points
coincide with the start and end points of the curve. In this case, we have pg = qo and py/41 = qr41-
Let

Qi =a, — Nox(t)do — Nar1k(t)dr1.

We can then write ¢(P) in a simpler form as

= Z (Z Nzk(fl)Pz - Ql) . (2.1)

=1

Our purpose is to find all M control points such that (2.1) is minimized. Differentiating ¢ with
respect to p; gives

09(P) _ 22 <Z N (t)pi Qz) Njg(t) (G =1,2,---,M).

Accordingly, the relation ¢(P) — min is equivalent to solving the following system of M linear

equations:
L
5 (z )P Ql> Nusi) =0

=1
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Z (Z Ni k(tl> Ql) NM,k(fl) =0

The above system of linear equations may also be written as

M L
Zpi (Z Ni,k(t_l)Nj,k(fl)> = ZNM(E;)Q, (Gj=1,2---,M)
=1 =1

Let N be the following L x M matrix

Nig(ti) -+ Nag(tr)
N= 3 : :
Nig(tr) -+ Nug(tn)

Then, the system of linear equations is given by

(N"N)P =R (2.2)
where, P = (p1 P2 - pM)T and R = NTQ, i.e.,
R, Nig(t)Qr+ -+ Nii(t)Qr
R = : = : (2.3)
Ry Nup(t)Qu + -+ + Nui(t2)Qr

As it was discussed in the previous chapter, solution of the above system requires the knowledge
of ¢ the knot sequence. We discuss them in subsequent sections depending on the nature of data
points.

2.2 Curve approximation to ordered pints

If the given points q; are ordered, we can use the centripetal parametrization to determine t.
The choice of knot sequence for the least squares approximation was suggested by de Boor [de

Boor’1978]. Let
L+1

d= ———.
M—-—n+1

Then, the internal knots are defined by
i=int(jd), a=jd—i (j=1,2---,M—n)

tn+j = (1 — Oé)fi_l + Oét_i.

If d > 2.0, then this parametrisation guarantees that every knot span contains at least one #; and,
under this condition, the matrix (N7 N) in (3) is positive definite and well-conditioned. Therefore,
the system of linear equations can be solved by Gaussian elimination without pivoting.

The pseudo code is given below:
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Process: BSparambsp(ndeg,npoles,npts,bar_t,knots)
Computing the knot sequence of a B-spline curve with respect to the parametrisation for data
points.

Input:

ndeg: degree of B-spline curve

npoles: number of control poles of B-spline curve.
npts: number of knots ¢;.

bar_t(npts): array of data points.

Output:
knots(npoles+n+1): knot sequence of B-spline curve.

Author: Y.M. LI, May 1997.

do i=0, ndeg
knots(i) = bar_t(0)
enddo

d = npts / (npoles - ndeg)
do i=1, npoles-ndeg

j = integer (i * d)

alpha =1 *x d - j

knots(ndeg+i) = bat_t(j-1) + alpha * (bar_t(j) - bar_t(j-1))
enddo

do i=npoles, npoles+ndeg+l
knots(i) = bar_t(npts - 1)
enddo

Return

2.3 Curve approximation to random points

Since q; are randomly sampled, the methods of computing associated parameters ¢; and knot
sequence discussed in the previous sections cannot be applied here. If we already have a B-spline
curve and want to refine it to get better approximation to the given points, then the associated
parameters can be computed by calling minimum distance routine. If we do not have any B-spline
curve to start with, we may compute the least squares line to approximate these discrete points.
By representing the line in B-spline form and adding enough knots into the B-spline curve, we can
use it as a seed curve to refine the curve such that it approximate the curve within the specified
tolerance.

It should be pointed out that solutions of 2.1 or 2.2 minimizes the distance between r(;) and q,
which does not necessarily give the shortest distance to the resulting curve. This is because all the
associated parameters ¢; were obtained before refining operation is down. Accordingly, q; is not
orthogonal to the resulting curve r(f;). To obtain an optimized result, we may repeat the refining
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process for a few times to ensure q is almost orthogonal to the final curve r(¢;). Such process is
known as the parametrization correction.

2.4 Penalized B-spline curve approximation

This section is based on Lujun Wang’s work.

As it was discussed, we have different ways to determine #; that associated with the given points
q; and the B-spline knot sequence. Careful choice of parametrization will improve the smoothness
of resulting B-spline curve. However, it is not uncommon to find the resulting B-spline curve
oscillating when the given data are badly distributed. Furthermore, we may encounter a situation
where we do not have any point (more precisely, any ¢;) in certain knot interval. Accordingly, the
linear system becomes singular and has to be solved by SVD method.

It is known that a spline curve is a mathematic representation of an elastic beam. When a curve
oscillates, it indicates the elastic beam has high bending energy £ that is proportional to the
integral of square of its curvature x [Hoschek and Lasser’1993]. For simplicity we approximate the
bending energy of curve by the following formula

E(P) = /ab (r” (t)) / (MZH pi> 2 dt.

By introducing A > 0, we can incorporate the bending energy term into (2.1):

Z(ZNM Q:) +AE(P). (2.4

=1

Minimization of the first term is achived by solving (2.2). The second term is minimized if we can
solve the following system of M + 2 linear equations for all the control points P:

M+1

g—f /(Z ) LA =0 (=0, M+1)

It is noted that py and pj11 are constrained to interpolate the start and end point (qo and qz11).
For the ith linear equation, the first term

b
Po / Ni,k(t)NO,k (t)dt

pM+1/ Nm NM+1k( )dt

are known and will be combined later with the constant vector of that equation. Therefore, we
need to solve only M linear equations for M control points. Accordingly, minimization of (2.4)
boils down to solve (referring to (2.2)):

and the last term

(N"N + \E) P =R, (2.5)
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where E is M x M matrix associated with minimization of bending energy. Each element of E is
given by

b
By = [ NON 0

R is a column vector revised from (2.3)

(po/ Ny, )dt+pM+1/ NY () Nyt )dt)

R = (2.6)

Ry — A <Po/ NMk: dt‘i‘PMﬂ/ NMk: M+1k( )dt)

2.4.1 Computing E (BScomptEij)

In this section we discuss how to compute E;; = / NZ & )N x(t)dt. Since B-spline base functions

are polynomials, the integrand Ni,k( )Nj7k(t) is also a polynomial. For this reason, we can use
Gaussian Quadrature method to compute E;; precisely. There are a few things we can speed up
the computation:

e It is readily seen that E is a symmetric matrix since F;; = FEj;;. Therefore, we can save

computations by half.

B-spline curve is a piecewise polynomial. In theory, we need to loop though every distinct
knot interval and apply Gaussian Quadrature in this interval to obtain local E;;. The final
result will be the summation of all local £;;. In implementation, however, we loop through
only a few relevant intervals because of the local properpy of B-spline functions. For any
t € [ti,t;+1), there are at most k non-zero B-spline functions

Nickr16(t), Ni—gr(t), -, Nig(t).

Therefore, we need to take this local property of B-spline functions into consideration when
we loop through the interior knots to compute piecewise E;;. In essence, we set [ to be the
largest number of (k,i+1, j+1) and start to compute the local E;; at [t;_1,¢;]. We terminate
the loop when [ is larger than ¢ 4+ k or 7 + k.

b
As it will be seen in next chapter, we need a generic routine to compute / Ni(;:) ()N J(fk)(t)dt. For

this reason, we define BScomptEij as follows

void BScomptEij(

int ndeg, // Input: degree of curve

int npoles, // Input: number of control points
double x*knots, // Input: B-spline knot sequence

int nder, // Input: order of derivative desired
int ii, // Input: index for row

int ij, // Input: index for column

double *dValue, // Output: integral
BSrc *rC) // QOutput: error code
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A direct method to compute E;; is proposed in [Wang'2011]. When k = 4, she comes up a very
efficient way to compute Ej;. In essence, she wrote N, (t) as a combination of three lower degree
polynomial

(k—1)(k —2)
(tivk—1 — i) (Livh—2 — t;) Nik-2(1)
_< (k—1)(k —2) (- 1)(k—2)
(t

k-1 — ) (igk—1 — tiv1)  (Livk — tigr) (bipp—1 — i)
(k—1)(k—2)

(tivk — tiz1) (i — tigo)

N (t) =

) Nit1k-2(t)

Nitog—o(t).

She then compute the integral of lower degree polynomials directly.

2.4.2 Computing R

Referring to (2.6), the ith entry of R is computed as follows

g b 1 1" b 1" "
Ri=R;— A\ (Po/ N; 1 (£) No o (t)dt + PM+1/ Ni,k<t)NM+1,k(t)dt) :

Based on the local property of B-spline functions, it is noted that both Néik(t) and Ny, 1k(t)
vanishes when k <17 < M — k + 1. Therefore, we recompute only the first and last £k — 1 terms as
follows:

b

/ "

eR, =R, — /\pO/ Ni:k(t)Novk(t)dt, i=1,---,k—1. (note N;\}H’k(t) vanishes when M >
ok — 3)

a

b
” 1" ”

eR, =R, — )\pMH/ Nip@) Ny p(t)dt,  i=M—k+2,--- M. (note Ny, (t) vanishes
when M > 2k — 3) ’

If M < 2k — 3, the above computation is still correct as R; will be subtracted by both terms in
the loop.



Chapter 3

Approximation by B-spline Surface

3.1 Mathematics

Given a set of points q; and associated knots (v, v;) with [ = 0,1,--- | L, we want to construct a
non-rational B-spline surface

N M
(u, v ZZZNzku Nijk, (0)Pi;

=0 j=

that fits q; using a least squares approximation method, i.e.,

- Z <Z Z Ni g, (ur) Ny, (01)Pij — CIl) — min, (3.1)

1=0 \i=0 j=0

where P is a collection of (N 4 1) x (M + 1) control points p; ;. Mathematically, this is equivalent
to solving the following (N + 1) x (M + 1) linear equations:

L N M
> (ZZNi,ku(Ul)Nj,kv(Uz)Pi,j - ql) N, (W) Ny, (1) =0 (r=0,--- ,N;s=0,---, M).

1=0 \i=0 ;=0

Alternatively, we can write the above system of linear equations as follows:

ZZZNZ ko (W) N e, (V) Ny oo, (1) N g, (V1) Pij = ;Nr,ku(ul)Ns7kv(Ul)ql (3.2)

=0 =0 j5=0
forr=0,---,N;s=0,---, M.

As it is seen, the above system involves four matrices manipulation and multiplication. It is neither
trivial nor efficient to setup the final matrix based on the above representation. In the subsequent
sections we shall derive two simpler methods to solve the approximation issue, depending on how
the points q; are sampled.

3.2 Surface approximation based on grid points

Given a set of grid points Q,, and associated knots (u,,v,) withp =0,1,--- ;rand¢=0,1,--- s,
we want to construct a non-rational B—spline surface

ZZNzku Nk, (0)P;

=0 7=0

10
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that fits Q,, using a least square surface approximation method. A classical solution to this
problem is to employ the so called discrete least square method of Gauss. In this section, however,
we present a much simpler least square surface approximation method that relys upon only the
least square curve approximation algorithm and thus can make the best use of curve routines.

We start our discussion by considering an interpolation problem. A B-spline surface that interpo-
lates the given set of points Q,, at (4, v,) may be represented as

S(u,v) =Y > Nig, (W) Njk, (v)Pi,

i=0 j=0

which satisfies the property Q,, = S(ii,,7,). Alternatively, we may write the above B-spline
surface as

S(u,v) = Z Nie, (0)P (1) (3.3)

where
T

i=0
are B-spline curves that interpolate Q,; at u = u,. Instead of interpolating Q, ; by Pj(u), we
may use a least square curve approximation method to construct

N
P;(u) = Nig, (u)P;,
1=0

that fit Q,; (p=0,1,---,7). Replacing P;(u) in 3.3 by P;(u) gives

0]
RS
=

%
=
&
=

d
<
S

Il

s N s
j Z Ni g, () [ Nj’kv(U)P;J‘
0

j=0 i=0 j=

S(u,v) = Y Nk, (u)P;(v). (3.4)

=0

Analogously, we may use a least square curve approximation method to construct
M
Pi(v) = Nk, (0)Py;
5=0

which fit P;; (j = 0,1,--- ,s). Replacing P;(v) in 3.4 by P;(v) gives

N M N M
S(u,v) Y Nig, (u) Y Nig, (0)Pij =D > Nig, ()N, (v)Pi; = S(u, v).
i=0 j=0 i=0 j=0

As it is seen, we fit across the data points first in u direction, then v direction. One may, of course,
fit across the data points first in v, then u direction. In general, the resulting surfaces are not the
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same. To our knowledge, there is no criterion to decide in advance which approach will yield a
better solution.

Finally, we should point out that the construction of all P;(u) uses the same u knot sequence.
Therefore, we need to compute only once the coefficient matrices N and NN (see equation 2.2)
for constructing P;(u). Furthermore, the LU decomposition of N”N is only done once for the u
direction fit. A similar rule applies to the v direction fit as well.

The pseudo code is listed as follows:

Process: BSlstfitptsf
Given a set of points Q,, and associated knots (4, 7,), it computes a non-rational B-spline surface
using a least square surface approximation method.

Input:

nptu: number of data points in u

nptv: number of data points in v

Qpts(3,nptu,nptv): data points, i.e., Q,,

bar_u(nptu): associated knots u,

bar_v(nptv): associated knots 7,

nu: degree of B-spline surface in u

nv: degree of B-spline surface in v

npoleu: number of control poles of B-spline surface in u
npolev: number of control poles of B-spline surface in v

Output:

poles(npoleu,npolev,ndim): control poles of B-spline surface
uknots(npoleu+nu+1): the u knot sequence of B-spline surface
vknots(npolev+nv+1): the v knot sequence of B-spline surface
rc: return code

Author: Y.M. LI, May 1997.

Allocate spaces:

npts_max = max(nptu,nptv)
npole_max = max(npoleu,npolev)
ndeg_max = max(ndegu,ndegv)
ipbeg(npts_max)

ipend (npts_max)
iabeg(npole_max)
iaend(npole_max)

Nmat (npts_max,0:ndeg_max)
Amat (npole_max,npole_max)
Rpts(npole_max,ndim)
poles_temp(ndim,nptv,npoleu)

Computing knots sequences in both u and v:
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BSparambsp (ndegu,npoleu,nptu,bar_u,uknots)
BSparambsp (ndegv,npolev,nptv,bar_v,vknots)

Fitting data points in u direction:

BScompnmat (nptu,bar_u,ndegu,npoleu,uknots,Nmat, ipbeg,ipend,rc)
BSprodnmat (nptu,npoleu,ipbeg,ipend,Nmat,iabeg,iaend, Amat)
do j=0, nptv
BScomprvec (nptu,ndim,Qpts(*,*,j) ,bar_u,ipbeg,ipend,
Nmat ,ndeg,npoles,uknots,Rvec)
BSbndcholmt (npoleu-2,ndim,iabeg,iaend, Amat,Rvec,sol,rc)

do nd=1, ndim
poles_temp(nd,j,0) = Qpts(nd,0,]j)
enddo
do i=0, npoleu-2
poles_temp(nd,j,i+1) = sol(i,nd)
enddo
do nd=1, ndim
poles_temp(nd, j,npoleu-1) = Qpts(nd,nptu-1,j)
enddo
enddo

Fitting data points in v direction:

BScompnmat (nptv,bar_v,ndegv,npolev,vknots,Nmat, ipbeg,ipend,rc)
BSprodnmat (nptv,npolev,ipbeg,ipend,Nmat,iabeg,iaend, Amat)
do i=0, npoleu
BScomprvec (nptv,ndim,poles_temp(*,*,i) ,bar_v,
ipbeg,ipend,Nmat,ndeg,npoles,vknots,Rvec)
BSbndcholmt (npolev-2,ndim,iabeg,iaend, Amat,Rvec,sol,rc)

do nd=1, ndim
poles(nd,i,0)

enddo

do j=1, npolev-2
poles(nd,i,j)

enddo

do nd=1, ndim
poles(nd,i,npolev-1) = poles_temp(nd,npolev-1,i)

enddo

enddo

poles_temp(nd,0,1i)

sol(j,nd)

Return

3.3 Surface approximation based on random points

Since q; are randomly sampled, the method discussed in the previous section cannot be applied
here. Instead, we have to solve the so-called least squares approximation to discrete points. To
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avoid manipulating and multiplying four matrices in (3.2), we need to derive a simpler represen-
tation. For easy understanding, we start by writing a bi-quadratic B-spline surface explicitly as
follows:

S(u,v) = [PooNo(u) + P1oN1 (1) + P20 Na ()] No(v)
+ [Po1No(u) + P11 N1 (uw) + pai Na(u)| N1 (v)
+ [Po2No(u) + P12N1(w) + PaaNa(w)| Na(v).

If we store our control points in one-dimensional array as pgo, P10, P20, Po1, P11, - - - , P22 With index
ranges from k£ = 0 to k = 8, we can then write the surface as

8
S(U, U) = Z PkBk(U7 U)a
k=0

where Bjys1; = N;(u)Nj(v). It is noted that a B-spline surface is represented similarly as a B-
spline curve. We now expand the bi-quadratic B-spline surface to a generic B-spline surface that
has (N 4+ 1) x (M + 1) control points. Denoting K = (N + 1) x (M + 1) — 1 we have

K
S(u7 U) = Z pkBk<u7 U)a
k=0

where Bjy(nt1)+i = Ni(u)N;(v). Accordingly, the least squares problem shown in (3.1) becomes

Z (Z P B (ug, vp) — ql> — min. (3.5)

=0 k=0

¢(P)

The above equation is similar to equation(2.1). Therefore, the control points of B-spline surface
can be computed similarly as we did for a curve.

Let B be the following (L + 1) x (K + 1) matrix

BO(”OaUO) Bl(UO,’UO) BK(“Oa'UO)
B— BO<U17U1) B1(U1,U1) BK(UhUl)
Bo(ur,v) Bi(ug,vy) -+ Bg(ug,vr)

Then, the (K + 1) = (N + 1) x (M + 1) control vertices py can be determined by solving the
following (K + 1) x (K + 1) linear system

(B'B)P = Q. (3.6)

We now discuss how to determine (u;,v;) associated with sample points q;. In some applications,
we already have a B-spline surface (the seed surface) that approximate the given (L + 1) sampling
points but want to refine the surface to get a better approximation. In this case, the (u;, v;) can be
obtained by calling a minimum distance routine to get the minimum distance point on the surface
and associated parameters. For other applications, we may not have any seed surface. In this case,
we can start with the least squares plane and represent it in a B-spline form. We then elevate the
degrees of the surface in u and v to obtain some flexibility. In order to avoid oscillations commonly
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seen in high degree B-spline surface, it is recommended to limit the surface to cubic. By solving
(3.6), we should get a better approximation to the given points. If the accuracy does not meet
the specified tolerance, we will add more knots into the u and v knots sequence to obtain more
flexibility to manipulate the shape of the surface. By repeating the process, we may eventually
reach the accuracy requirement. It should be pointed, however, that we do not want to repeat the
process too many times for the following reasons:

e [t takes significant time to compute minimum distance parameters, B matrix, and large scale
linear system when the surface has considerable number of control points. Assume that we
are given 5,000 sampling points q; to refine a surface that has 100 control vertices (a very
moderate surface). We first need to compute 5,000 (u;,v;) parameters based on a call to
minimum distance routine. We then compute Bj ogox100 matrix. Next, we need to solve a
linear system whose matrix is 100 x 100.

e To ensure the system is positive definite, we need to have at least one sampling point at
each knot interval. With the increase of control vertices, we may encounter a singular case.
Although singular system can be solved using SVD method, it is not desirable in practice
because of performance and oscillation considerations. Some researchers suggest to introduce
energy minimization constraints into the system to ensure it is positive definite. However, it
degrades the approximation accuracy in general.

It should be pointed out that solutions of 3.5 or 3.6 minimizes the distance between S(u;, v;) and
q;, which does not necessarily give the shortest distance to the resulting surface. This is because
all the associated parameters (u;, v;) were obtained before refining operation is down. Accordingly,
q is not orthogonal to the resulting surface S(u;, v;). To obtain an optimized result, we may repeat
the refining process for a few times to ensure q; is almost orthogonal to the final surface S(u;, v;).
Such process is known as the parametrization correction.

3.4 Penalized B-spline surface approximation

This section is again derived from Lujun Wang’s work [Wang’2011].

The bending energy of a surface may be defined as:

b pd
e®)= [ [ (ISt 0l + 218w )|+ 18w 0)| ) dude,

” aQBk('U/, 'U) " 82Bk (u, 'U) ” asz (U, U)
Suu(“’“) _Zka7 Suv(uﬁv) _Zkaa va(uﬂ]) _Zpk’T

Similar to penalized B-spline curve approximation, we may introduce the above energy term to
(3.5)

Z (Z P B (ur, vp) — ql) + AE(P) (3.7)

=0 k=0
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Minimization of the first term is achieved by solving (3.6). The second term is minimized if we
can solve the following system of (K + 1) x (K + 1) linear equations

K
(92Bk(u v) \ 0?B;(u,v)
8pJ //( 52 Sl dudv

k=
20,
pké? u,v)) 0 Baj(u’v)dudv

AP :

K
0 By (u,v) \ 8?B;(u,v) B .
/ / ( 902 ) 502 dudv =0, (j=0,1,---,K)

noting that we discarded the common factor 2. We also note that (K + 1) is the total number of
control points of a B-spline surface. Let Dj;, Gji, and Fj;, denote

0*By(u,v) 9*Bj(u,v)
]k—/ / " B dudv
2B 20,
ij :/ / OB k U7U 8 _Ba](ujv) dudv

82 (u,v) 8?B;(u,v)
Fjj, —/ / 2 502 dudv.

By blending minimization of bending energy into (3.6) we have

=0

(BB + A\E)P = Q,
where E = (D +2G + F) with D, G and F being (K + 1) x (K + 1) matrices whose elements are
Dji, Gji, and Fj;, respectively.

3.4.1 Computing D, G and F

From the previous section it is known that Bjni1)4i(u,v) = Nig, (w)Njg, (v). Differentiating it
twice with respect to u gives

92
ij(N-i—l)—i—i(ua v) = Nz‘,,/ku () Njk, (v)

By rearranging indices (j := j(N + 1) +i and k := s(M + 1) + r) we can compute elements in D,
G, and F as follows

b
Dj(N-+1) i, s(+1)+r _/ Nil, (W)N, (u du/ Nk, (V) No g, (v) dv
Gj(N+1)+is(M+1)+ / Ni g, (W) Ny, (u du/ N]/k (0)Ne g, (v) dv

E](N+1)+ZS M+1)+ / Nzk rk dU,/ Njﬂk )N!k ( )dU

b
In the previous section we discussed how to compute / N, i(;) (t)N. 3(7,2 (t)dt and implemented BScomptEi j

to compute such integral numerically. We can call this function to compute D, G, and F as follows
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0;

for (j=0; j<npolesV; j++)

for (i=0; i<npolesU; i++)

for (s=0; s<npolesV; s++)

{

index =
{

{

}
}

for (r=0; r<npolesU; r++)

{

BScomptEij(ndegU, npolesU,
BScomptEij(ndegV, npolesV,
Dij = templ * temp2;

BScomptEij(ndegU, npolesU,
BScomptEij(ndegV, npolesV,
Gij = templ * temp2;

BScomptEij(ndegU, npolesU,
BScomptEij(ndegV, npolesV,
Fij = templ * temp2;

igr_sf->u_knots,
igr_sf->v_knots,

igr_sf->u_knots,
igr_sf->v_knots,

igr_sf->u_knots,
igr_sf->v_knots,

Emat [index] = Dij + 2.0 * Gij + Fij;

index++;

i, r, &templ,
j, s, &temp2,

i, r, &templ,
j, s, &temp2,

i, r, &templ,
j, s, &temp2,

17

&bsrc) ;
&bsrc) ;

&bsrc);
&bsrc) ;

&bsrc) ;
&bsrc);

It is noted that npolesU and npolesV are numbers of control points in u and v direction respec-
tively. The above code segment is very simple and hence easy to maintain. However, it is terribly
inefficient (an O(n*) method). It would take roughly 3.8 seconds (Core i7 processor) to compute
the energy matrix for a B-spline surface that has 30 x 35 = 1050 control poles. This is because

there are 1050 x 1050 = 1, 102,500 elements in E.

For a B-spline curve/surface of order k, there are at most k& non-vanishing B-spline base functions
at any given parameter. Taking this local property of B-spline base functions into consideration,
we can improve the performance by rewriting the above code segment as follows:

for (i=0; i<npolesU; i++)

{

for (r=max(0, i-ndegl); r<min(npolesU, i+ndegU+1l); r++)

{

// Compute integrals in u
BScomptEij(ndegU, npolesU, igr_sf->u_knots, 0, i, r,
BScomptEij(ndegU, npolesU, igr_sf->u_knots, 1, i, r,
BScomptEij(ndegU, npolesU, igr_sf->u_knots, 2, i, r,

// Compute integrals in v
for (j=0; j<npolesV; j++)

&Nir0, &bsrc);
&Nirl, &bsrc);
&Nir2, &bsrc);
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{
m = (j * npolesU + i) * nsizeE + r;
for (s=max(0, j-ndegV); s<min(npolesV,j+ndegV+1); s++)
{
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 0, j, s, &NjsO, &bsrc);
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 1, j, s, &Njsl, &bsrc);
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 2, j, s, &Njs2, &bsrc);
Dij = Nir2 * NjsO;
Gij = Nirl * Njsi;
Fij = Nir0 * Njs2;
Emat[m + s * npolesU] = Dij + 2.0 * Gij + Fij;
}
+

by

It is noted that ndegU and ndegV are degrees of B-spline surfaces in « and v. The above method
will pefrom
4 X (ndegU + 1) x (ndegV + 1) X npolesU x npolesV

loops. If ndegU and ndegV are relatively small in comparison with npolesU and npolesV, it is then
an O(n?) algorithm and takes 0.35 second to compute E for the same surface.

Lujun Wang made further optimization by utilizing the symmetric property
d
Ng:Nﬁ:/ M$@W%$@MU(m:QLljﬁ:ﬂﬂf“de%W

and saving the results in three npolesV X npolesV temporary matrices as follows:

// Compute Djs, Gjs, and Fjs (i.e., integrals in v):
for (j=0; j<npolesV; j++)
{

n = j * npolesV,;

endV = min(j+ndegV+1, npolesV);

for (s=max(0, j-ndegV); s<endV; s++)

{
m = s * npolesV;
if (s < j)
{

// Symmetric property

tempGmat[s + n] = tempGmat[m + j];
tempDmat[s + n] = tempDmat[m + j];
tempFmat[s + n] = tempFmat[m + j];

}

else

{
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 0, j, s, &NjsO, &bsrc);
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 1, j, s, &Njsl, &bsrc);
BScomptEij(ndegV, npolesV, igr_sf->v_knots, 2, j, s, &Njs2, &bsrc);
tempGmat[s + n] = Njsi;
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tempDmat [s + n]
tempFmat [s + n]

NjsO;
Njs2;

}

U

d
It requires (ndegV + 1) x npolesV loops to compute all / Nﬁ:) (U)NS(T,Z? (v) dv. She then compute

d

in the same fashion and combine them to complete E matrix. By utilizing the symmetric property
of integration and the local property of B-spline base functions, it is not difficult to prove that
her approach reduced to a linear (or O(n)) algorithm when ndegU and ndegV are relatively small.
Therefore, the final version is extremely fast. It takes less than 0.004 second to compute E that
has 1,102,500 elements.

3.5 Applications

In this section we discuss how the least squares approximation method can be used to compute a
single B-spline surface that approximates a plate consisting of multiple B-spline surface.

Referring to Figure 3.1, this plate has six trimmed B-spline surfaces. For certain applications
users may wish to approximate these surfaces by a single B-spline surface to simplify downstream
operations. Since these surfaces are usually trimmed, we may not be able to merge them. In this
case, we can use the least squares approximation method to derive a single B-spline surface that
approximates the given surfaces with respect to the specified tolerance.

The procedure is outlined below:
1. Sample enough points from each trimmed surfaces.
2. Compute the least squares plane and represent it in B-spline form.

3. Elevate the degree of the least squares plane surface to obtain flexibility. We recommend to
elevate the plane to a bi-cubic surface.

4. Refine the surface by solving equation 3.6. If approximation accuracy is within the specified
tolerance, terminate. Otherwise, go to next step.

5. Add more knots into the v and v knots sequences of the resulting surface and go to step 4.

It is noted that the plate has a horse-shoe like shape; while the resulting surface has usually
rectangular shape. This means that we will have large amount of points missing at the crescent
part. As a result, we may either see oscillations in the final surface or encounter a singular
system. With the use of energy minimization in our least squares approximation, we can mitigate
oscillations and avoid calling singular value decomposition method. The final result is shown in
Figure 3.2.
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Figure 3.2: The "meregd” B-spline surface
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